Abstract. The double product integral
2. The double time orthogonal dilation [3] . Interpreting (1+ λ(dA † ⊗dA −dA ⊗dA † )) as a second quantised infinitesimal rotation and recalling the functoriality [10] and continuity of the second quantisation map, one might expect that
) is itself the second quantisation of a double product of infinitesimal rotations.
Such a double product has been constructed [3] . 
• W is covariant under shifts and time reversal; for arbitrary p, q ∈ R
where S p denotes the isometric shift through p and R 
.
The matrix operator W b,s a,t is given explicitly in two equivalent forms:
where the notation is as follows. K{K} denotes the integral operator on We call W the double time orthogonal dilation. In fact it is possible to regard W as itself an avatar of the double product integral
) based on the Boolean version of quantum stochastic calclus of [1] . Second quantisation converts it into the corresponding product integral based on the usual Fock space quantum stochastic calculus as will now be shown. (1 + λdr [λ] ) is defined in the algebraic theory through the solution of algebraic quantum stochastic differential equations [9] , [8] . We first consider the algebraic differential equation in which t is the time variable
where the first copy of the Itô algebra in I ⊗ I is taken as the (left) system algebra so that the solution is a formal power series with coefficients in the tensor product I ⊗ P 
where now the superscripts 1, 2, . . . , N +1 label places in the tensor product I⊗ N I, the iterated integral map I t s (N ) is the linear map from ⊗ N I to P t s such that
and we use multiplication in the first copy of the Itô algebra.
] it can be used as driving term in a second algebraic differential equation in which b is the time variable:
where the system algebra P 
(where when N = 0, I b a (N ) ⊗ id P t s acts on the empty product to give 1) using multiplication in the algebra P t s , which is a well defined formalpower series with coefficients in P b a ⊗ P t s . Alternatively we may consider first the algebraic differential equation with b as time variable
in which the second copy of I in I ⊗ I is regarded as a right system algebra, followed by
in which P b a is a left system algebra and
The algebraic multiplicative Fubini theorem [9] states that these two procedures yield the same formal power (1 + λdr[λ]). (7) terminates at N = 2 in view of (2);
so that, for real λ (8) is a well formulated quantum stochastic differential equation (qsde) with unbounded operator coefficients
Similarly (10) becomes the qsde
Theorem 1 below shows that the second quantised double time orthogonal unitary dilation Γ(W b,s a,t ) satisfies both of these qsdes in the weak,sense, thus simultaneously justifying its identification with the double product integral 
and similarly
between creation and annihilation operators and second quantistions. = −λ
